Abstract. The two-dimensional Ising model with fixed magnetization is studied using Monte Carlo techniques. In the coexistence region, the macroscopic droplet of minority spins becomes thermally unstable by breaking up into microscopic clusters. Possible singularities of thermal and cluster properties associated with the transition are discussed.
The two-dimensional Ising model has attracted much interest in the past. It is conceptually simple, and several of its non-trivial properties can be determined exactly [1] . However, despite numerous studies, the model seems to be not yet completely understood.
In this Letter, we shall deal with the thermal stability of a single droplet of minority spins in the two-dimensional Ising model with fixed magnetization. In particular, we consider a square lattice with L 2 sites and full periodic boundary conditions. Neighbouring spins, S i(j) = ±1, may interact ferromagnetically, with the coupling term −JS i S j , J > 0. We assume that N 2 , out of totally L 2 , spins are '−' spins, with the magnetization
being conserved when varying the temperature, T . The resulting phase diagram in the (M, T )-plane, see Fig. 1 , is known to display a transition of first order between droplet and stripe phases [2, 3, 4] . The transition, T ds , takes place in the coexistence region, which is bounded by T 0 (M) describing the temperature dependence of the spontaneous magnetization of the standard Ising model. In the thermodynamic limit, M is determined by [1] 
Another intriguing feature of the droplet phase in the coexistence region, T < T 0 , will be discussed in the following, the thermal stability of the droplet of minority spins, i.e. '−' spins for M > 0 and '+' spins for M < 0.
The droplet size n c may be defined by
where N c is the number of spins in the largest cluster of minority spins; the brackets denote the thermal average. At |M| >1/2, the minority spins form a single square droplet, N c = N 2 , thence n c = 1, in the ground state. Upon increasing the temperature at fixed magnetization, that cluster will shrink loosing some of its compactness until it will eventually break up into small pieces, with n c vanishing in the thermodynamic limit, L, N −→ ∞, with N/L, i.e. M, being constant. To study that transition from a macroscopic droplet, covering a non-zero fraction of the lattice sites, to microscopic clusters, we did Monte Carlo simulations using a nonlocal spin-exchange algorithm [5] as well as an efficient cluster algorithm [6] .
As illustrated in Fig. 2 , the droplet size n c is observed to drop down, when increasing the temperature, most steeply at a temperature T s depending on the magnetization M and the lattice size L. In the thermodynamic limit, T s becomes identical to the cluster transition temperature T cl , above which n c = 0. Indeed, T cl seems to be approached linearly in 1/L, with
for sufficiently large systems, L. This behaviour allows us to estimate T cl accurately. The cluster transition is seen to occur close to, but definitely below the coexistence line, T 0 (M). Specifically, we obtain, studying lattices with up to 750 2 sites, at M = 0.98 T cl = 1.570 ± 0.005 (while T 0 (M = 0.98) = 1.595), at M = 0.92 T cl = 1.952 ± 0.004 (T 0 = 1.972), at M = 0.82 T cl = 2.140 ± 0.003 (T 0 = 2.168), and at M = 0.68 T cl = 2.237 ± 0.003 (T 0 = 2.248).
Previous evidence for the cluster transition is rather scarce. In the context of an adatom island on a crystal surface, the related transition was observed [7] , but it was not discussed in the framework of the phase diagram of the corresponding Ising model. A possible hint on the transition might be hidden in a renormalization group study of Saito [8] on quenches in Ising models with conserved magnetization, finding a transition below the coexistence line, but without mentioning of the thermal stability of the droplet. Attention is also drawn to the work of Kertesz on droplet stability in Ising models in an external field [9] , and related recent work on Ising cubes [10, 11] .
On approach to T cl , n c seems to vanish in the form of a power law
The exponent β may be estimated from the Monte Carlo data on n c in the usual way [12] by computing an effective exponent β ef f = d ln(n c )/d ln(t), with the reduced temperature t being defined by t = (T s − T )/T s or t = (T cl − T )/T cl . In the thermodynamic limit, β ef f (t −→ 0) goes over into β. Our resulting estimates, based on 'reasonable' such extrapolations of the Monte Carlo results on β ef f , applying both definitions of the reduced temperature, are, at M = 0.98 β = 0.85 ± 0.1, at M = 0.92 β = 0.7 ± 0.1, at M = 0.82 β = 0.6 ± 0.1, and at M = 0.68 β = 0.45 ± 0.1. Lattices with up to 750 2 sites were studied. The rather large error bars may be reduced by simulating even larger lattices, requiring, however, extremely long computer times. In any event, one may safely conclude that β is non-universal, depending on M. That aspect had not been identified before [7] .
At M = 0, the droplet size n c is equal to zero above the critical temperature, T > T 0 (M = 0) = T c = 2J/(k B ln( √ 2 + 1)) [1] . Indeed, T c of the two-dimensional Ising model is known to correspond to the percolation threshold, below which the infinite cluster of '−' or '+' spins covers a non-zero fraction of the lattice [13, 14] . At |M| >0, the phenomenon is now extended into the coexistence region along the cluster transition line, T cl . Note that the infinite cluster tends to be more and more compact at the transition when increasing |M|, leading, presumably, to the non-universal behaviour.
It looks quite promising to analyse various cluster properties close to T cl , in analogy to percolation studies [14] . For instance, we find that the second moment of the cluster size distribution, excluding the largest cluster, shows a pronounced peak close to T cl , indicating a divergency at the cluster transition in the thermodynamic limit. The corresponding exponent, assuming a power-law singularity, is rather large, e.g., about 2.0 at M = 0.68. Based on simulations of lattices with up to 750 2 sites, it seems to depend on M as well. Again, it would be desirable to study much larger systems. A similar remark applies to our findings on the specific heat, which also displays a pronounced maximum close to T cl .
In summary, we conclude that there is good evidence for a transition in the coexistence region at which the droplet of minority spins becomes thermally unstable in the two-dimensional Ising model with conserved magnetization. We think that the interesting cluster and thermal properties of that transition deserve to be studied in more detail in the future.
